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In this paper, we are interested in the derivation of macroscopic equations from kinetic
ones using a moment method in a relativistic framework. More precisely, we establish
the general form of moments that are compatible with the Lorentz invariance and
derive a hierarchy of relativistic moment systems from a Boltzmann kinetic equation.
The proof is based on the representation theory of Lie algebras. We then extend this
derivation to the classical case and general families of moments that obey the Galilean
invariance are also constructed. It is remarkable that the set of formal classical limits
of the so-obtained relativistic moment systems is not identical to the set of classical
moments quoted in Ref. 21 and one could use a new physically relevant criterion to
derive suitable moment systems in the classical case. Finally, the ultra-relativistic limit
is considered.

KEY WORDS: moment system, relativistic kinetic theory, entropy minimisation
problem

1. INTRODUCTION

Particle systems may be modelled at many different levels (microscopic, meso-
scopic or macroscopic) depending on the scale of the studied physical phenomena
and on the desired degree of accuracy for its description. In many situations,
the precise knowledge of some physical quantities (density, momentum, energy,
viscosity, heat flux, etc) is crucial and one cannot use the standard Euler or Navier-
Stokes equations to describe such quantities. On the other hand the use of more
refined models as kinetic equations is too expensive in general and makes ex-
tremely slow any realistic and accurate numerical simulation. This is due to the
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complexity of the kinetic equation (coupling Vlasov equation with Poisson or
Maxwell equations) and to the number of involved variables (one time variable
plus six space-velocity coordinates). Therefore, it is necessary in general to de-
rive more reduced models from kinetic equations which are able to describe the
desired physical quantities with a sufficient degree of accuracy. This has been a
challenging subject of a large number of works in the past and still stimulates
many current researches.

There are mainly two approaches to derive macroscopic equations from ki-
netic ones. The first one consists in deriving Euler or Navier-Stokes like equations
with various expressions for the viscosity and the heat flux. This strategy supposes
that the particle distribution function is close to the so-called thermodynamical
equilibrium and can be expanded into successive approximations about this equi-
librium according to the well known Chapman-Enskog or Hilbert procedures. The
second strategy consists in directly deriving systems of equations involving the
desired macroscopic quantities (mass, momentum, energy, etc), which are mo-
ments of the distribution function with respect to the velocity variable. To close
the obtained systems, this strategy also needs an assumption on the distribution
function which is not necessarily close to the equilibrium. For instance, Grad ('
uses an expansion in terms of Hermite polynomials whereas in Refs. [6, 21-23],
the closure is based on the entropy minimization principle. In this last strategy, a
first and important step is to derive suitable sets of moments in the velocity space,
that is sets which are compatible with the Galilean invariance in the classical case
and with the Lorentz invariance in the relativistic case. To our knowledge, the case
of the Lorentz invariance has not been considered yet. Our work is intended to
investigate this problem.

In this paper, the general form of moment spaces that satisfy the Lorentz
invariance is determined. More precisely, we give the more general form of finite
dimensional spaces of polynomial functions of the energy and momentum which
obey the Lorentz invariance. The proofis based on the representation theory of Lie
algebras. '3 We then consider the classical and ultra-relativistic limits of these
spaces. For the sake of completeness, we also give a similar result for Galilean
invariant spaces in the appendix.

Hierarchies of moment systems have already been derived in several works
in both the relativistic and the classical cases, and we refer the reader to Refs. 2,
7,12, 17, 22, 23 and references therein for detailed descriptions. In these works,
various closure strategies are used and the question of classical and ultra-relativistic
limits is also investigated. However, the problem of deriving a general form of
Lorentz invariant sets of moments has not been addressed at a rigorous level.
Our purpose here is to give a rigorous basis and a systematic way to select
the families of moments that are compatible with the Lorentz invariance prin-
ciple. Classical and ultra-relativistic limits of the so obtained systems are also
discussed.
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In this paper, we restrict ourselves to the case of special relativity. The case of
general relativity would certainly be also very interesting but we do not consider
it here. Before going to the presentation of our main results and for the sake of
self consistency, we first recall some basic notions in relativistic mechanics. For
much more detailed and complete presentations, we refer to Refs. 4,12,18.

1.1. The Relativistic Kinetic Model

Unlike classical mechanics where time is absolute, that is independent of the
frame, a time is attached to each frame in relativistic mechanics. Therefore, the
position of a particle is defined by its temporal and spatial coordinates. Let R and
R’ be two inertial frames such that R’ moves with the velocity # with respect to
‘R. Denote by (¢, x) and (¢', x") the time-space coordinates respectively in R and
R'. Then, the change of frames is given by

u

. !
t=y(f+25) and x=x"+(n - D x)—s + it (1)
6‘2 |LI|2

where ¢ denotes the speed of light and

ul? —1/2
Yu=\1- 2 .

The vector X = (ct, x) is called the radius four-vector in R. Let X’ = (ct’, x')
denote the radius four-vector in R'. Then, (1) reads X = L, X', with

i = (e (a0 + 0 _ g
Lua— Vu a + c 7a+(ylt 1)(u.a)|u|2+J/Uca ’ (2)

where @ = (a’)p<j<3 = (a°, a) with a = (a’);<;<3. The function L, is called the
proper Lorentz transformation associated to the velocity u. By analogy, any vector
¥ = (3 )o<;j<3 whose components transform like those of X under a change of
inertial frame is called a four-vector. An important four-vector is the energy-
momentum four-vector p = (¢/c, p), where

1
2\ "2
e=ymc* and p=ymv, with y = <1 — |Z—l> , 3)

denote respectively the energy and the momentum of a relativistic particle with
mass m and velocity v. It also reads

& =cym2c? +|p|* and v=— 2 4)

2

my/1 4 %
Similarly, any tensor of rank n whose components transform like those of the
tensor product of n four-vectors under a change of inertial frame is called a
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four-tensor. Let us now recall that kinetic theory generalizes to the relativistic case
(see Ref. 4, 12, 18). During an elastic collision between two relativistic particles
with momenta p and p,, the conservation of momentum and energy holds, that is

pHpe=pi+pl and e(p)+e(ps) = e(p°) +e(pi), )

where p“ and pi denote the post-collisional momenta. As in the classical
case, we may then derive the relativistic Boltzmann equation, which reads (see
Refs. 4,10,12,18)

O f +v-Vef = 0Or(f /) (6)

with
0t N = [ [ oo pec s doutp pU S = ff o, (D)

where £ = f(t,x, p), fu = f(t,x, ps), £ = f(t,x, pP), £ = f(t,x, pb),

o denotes the cross-section, vy, the Meller velocity,

ge, —C*p - py , o xun\?
o, o) = ol = = (- - PR
*

and dw is an element of solid angle in the centre of mass system. The structure of
the relativistic Boltzmann equation (6) is similar to the classical one. Its relativistic
nature appears in the relationship (4) between momentum and velocity and in the
definition of the Meller velocity (8). This relativistic aspect also appears implicitly
in the definition of o, which is a non-negative function of the energy s and the
deviation angle 6 (in the centre of mass system), both given by

(8+8*)2
§= -

—— —Ip+pl
C

9
and

(e — &) — el) — 2(p — ps) - (P — pi)

cosf =
(e =& =2 p — pal?

In the case of charged particles (also called the Coulomb case), the cross-
section o reads, in the centre of mass system, (see Ref. 1; Sec. 81, Problem 6),

5 _ (a4 2 1
4rey ) 8cH(E + €)% pltsin*(6/2)
x (B8, + 21 pI*) + (88, + 2| p|* cos 0)*
—2(m* + m*)c®| pI sin®(6/2)), ©)
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where (£/c, p) and (€,/c, ps) denote respectively the energy-momentum four-
vectors p and p, in the centre of mass system (in this system, we have p = —p,
and then |p| = | p./.

Let us point out that, as for the classical Boltzmann equation, the mass,
momentum and energy are locally conserved quantities for (6) and (7) and that the
relativistic Boltzmann equation possesses an entropy. In the relativistic case, the
jacobian of the application (p, ps) — (p7, pi) is not equal to 1. However, since

v (p, py) = vi(pY, p*)"(” ”E‘ , we still have the following weak formulation,

[ 0xt Hodp

1
=i [ [ owtris = e+ o - 6 = 6y dp dp. do.
S?xR3xR?

We then infer from (5) that 1, p and ¢ are locally conserved quantities. Moreover,
choosing ¢ = In f, we obtain the local dissipation law of the entropy S(f) =

Jea(fIn f — f) dp, that is

050N+ [ g = prap= [ ons Nl fdp <o (0)

Equilibrium states of (6) are defined to be the functions that cancel the right hand
side of (10) or, equivalently, the functions f > 0 such that Or(f, /) = 0. They
are the local relativistic Maxwellians

M(p)=Adexp (—B%(p)+B-p) with A4eR,, p'eR., R (11)

In the case of degenerate gases (Fermi or Bose gas), the collision operator and the
entropy should be modified accordingly’® but we do not consider this case herein.

1.2. Setting of the Problem

Formally, multiplying (6) by 1, p and ¢, integrating with respect to p and
closing this system with the Maxwellian (11) that minimizes the entropy at fixed
mass, momentum and energy, we recover the relativistic hydrodynamic equations.
We are looking here for moment spaces M that generalize the fluid dynamic
approximation and thus that contain 1, p and .

Moreover, the space M ought to respect physical symmetries. A specificity
of the relativistic case is that the Galilean invariance is replaced by the Lorentzian
invariance. More precisely, let L be either a proper Lorentz transformation or a
rotation of the axis of the spatial coordinate system, that is L is either defined by
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2) for some u € R?, |u| < ¢ or given b
g y

L—lo 12
~\o o)’ (12)

where O is a 3-dimensional orthogonal matrix. Then, L corresponds either to a
change of frame or to a change of axis in the momentum space. Let us denote
respectively by X’ and p’ the radius and the energy-momentum four-vectors in the
new system of coordinates. We have ¥ = L~'¥', p = L~'p/,

dp  dp

=—— o(p.pu. 0P =0 p..P" D) (13)
y(p)  v(p) : : .
and
dp.
Y(Pm(p. pdps = val(ees — P p - p)——7———
m*cty (ps)
dp!
_ Tol 20 ) *
= |Ur61|(8 €y cp p*)mzc“y(p;)
= y(pvu(p', p)dp,, (14)
where

[ IpP?
y(p)=,/1+ h

Therefore, if f denotes a solution to (6) and (7) then the function f” defined in the
new system of coordinates by f’(¢', x, p’) = f(t, x, p) is a solution to

I f ) Vo f = Or(f'. ).

This corresponds to the Lorentzian invariance. The translations and the rota-
tions that we consider in the classical case are replaced, in the relativistic case,
by the proper Lorentz transformations and the rotations of the form (12). We
want the space M to be compatible with this invariance. More precisely, let
(@1(P), ..., on(p)) be a moment basis for M. Using the radius four-vector
¥ = (x/)9<;<3 and the energy-momentum four-vector p = (p/)o<;<3, the
Boltzmann equation (6) also reads

0 my (0O, 1. (15)

J_
P ox/

Here as in the rest of this paper, we make use of the Einstein summation convention.
Multiplying (15) by ¢x(p)/y(p) for some k € [1, N and integrating with respect
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to p, we obtain
dp

ox/ y(p)

= [ 0B NG Frip, ke TN
(16)
We set @, = ¢ o L~!. Then, we deduce from (13) and (14) that, in the new system

of coordinates, (16) reads

9 L
I o P’ o(p)f(x, p)

dp’
y(p)

ax'7

[ s & )

o R R G U T iR

Consequently, a moment space M is said to be compatible with the Lorentzian
invariance if there exist some constants A ; ; such that ¢ = Z?le Ajrej fork =
1,..., N. We are looking here for spaces that are invariant under any proper
Lorentz transformation and any rotation in the momentum space.

Moreover, as in Ref. 21, we introduce the convex cone

M, := {r eM: /}R3 exp (r(e(p), p))dp < OO} )

for every space M constituted of functions of p and ¢. In Ref. 21, Levermore
introduced admissible moment spaces. A moment space M is said to be admissible
if the associated cone M, has a nonempty interior in M. We are only interested in
admissible spaces.

Summarizing, we are looking for finite dimensional spaces M of polynomial
functions of the energy and momentum that satisfy

(I) span (1, p,e) C M,
(IT) M is invariant under any proper Lorentz transformation and any rotation
in the momentum space,
(ITI) the cone M, has a nonempty interior in M.

Here as in the rest of the paper, the span notation is applied to a collection of scalars,
vectors and tensors and means all linear combinations of their components.

In order to construct spaces satisfying conditions (I), (II) and (III), a first idea
is to consider tensor products of the four-vector p. Thus, for every n € N,, we set

7,(p) = ®"p. (17

and denote by IP, the space generated by the components of 7,,. We point out that
each P, satisfies condition (II). Since span (1, p, ¢) is itself invariant under any
proper Lorentz transformation and any rotation in the momentum space, we set,
for every n € N,,

P, = span (1, p, €, 7). (18)
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It only remains to check that condition (III) holds. Given r € P,,

r=— Y . TP+ B+y - p+Se,

.....

large enough so that » belongs to P, . Consequently, the space P, fulfils each of
our requirements. Moreover, we point out that any vector sum of the spaces P,
also satisfies conditions (I), (II) and (III).

We notice that, contrary to the classical case where tensor products of the
velocity vector are independent (up to symmetries), tensor products of the energy-
momentum four-vector are not independent. Indeed, any component of 7,,_,; may
be written as a linear combination of components of 7,,, for every k € [0, [r/2]'],
where [x] denotes the integer part of x. Indeed, we have

o 1 S

LY yeees n—2 __ LT e ln=251,]

7:172 - m2c2 § : glv],z:l ’
(i, /)el0,3]?

where (i1, ..., i,_2) € [0,3]1" 2, 200 = 1,811 = 2.2 = g33 = —1 and gi;j=0
for i # j. We say that m?c*T,_, is obtained from 7, by contraction with respect
to the last two indices. Thus, any component of 7,,_»;, for k € [0, [n/2]]], belongs
to P,. By contrast to the classical case, we do not obtain any additional moment
spaces with the contraction operation.

However, a second idea to construct spaces that satisfy condition (II) is by
considering the orthogonal complement of P,_, into P,. More precisely, let us
consider the tensor space, spanned by 7, and all the tensors obtained from 7, by
contraction over an arbitrary number of pairs of indices (plus symmetrization).
Let us denote this tensor space by T,. Obviously, from the remark above, the
components of the tensors in T, span the polynomial space P,, as much as
the components of the sole tensor 7, did. However, within T,, we can consider
the subspace T, of tensors spanned by all contractions of 7,, over at least one pair
of indices (plus symmetrization). Obviously, again using the remark above, the
components of T, span the polynomial space IP,_,. The orthogonal supplement
of T, in T, (with respect to the Minkowski inner product on tensors induced by
the Minkowski inner product on four-vectors) is a one dimensional vector space
spanned by a symmetric tensor S, (7). The components of S,(p) form a Lorentz
invariant space denoted by M, which is strictly included in P, as soon as n > 2.
We shall actually prove that M, is an irreducible Lorentz invariant space, i.e. there
is no non-trivial invariant subspace strictly included in M,.

Now, setting M, = M,, + span(1, p, &), we construct a moment space which
satisfies criteria (I) and (II). It remains to check that it satisfies condition (III). In
fact, condition (III) is satisfied as much as for Jf”,, since MH differs from ]f”,, by
combinations of monomials of (¢, p) of degree n — 2 at most. Therefore, M, is
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an admissible moment space with no non-trivial admissible moment space strictly
included in it.

To show these results, we first use the representation theory of Lie groups
and Lie algebras to determine all irreducible spaces that satisfy condition (II) (cf.
Theorem 1 and Proposition 2). Then, in Theorem 3 we identify these spaces with
those obtained through the construction detailed above. In Sec. 3, we consider
the classical limit of these relativistic moment spaces and suggest a new criterion
for choosing moment spaces in the classical case. In Sec. 4, we are interested in
the ultra-relativistic case. We then present the moment closure problem in Sec. 5.
For the sake of completeness, the proof of Theorem 1 is given in Sec. 6. Finally,
the representation theory of Lie groups and Lie algebras may also be used, in the
classical case, to determine the spaces that are invariant under any rotation and
this is stated in the appendix.

2. MOMENT SYSTEM HIERARCHY AND LORENTZ INVARIANCE

We are looking for the finite dimensional subspaces of R[e, p', p?, p*] that
satisfy conditions (I), (IT) and (IIT). We consider the Minkowski space R* endowed
with the non-degenerate symmetric bilinear form g defined by

g(a, b) = a’p’ — a'b' — a®’p* — &*p°, a,beR.

The set of real matrices L € M (4, R) that leave g invariant (i.e. such that
g(Lx, Ly) = g(x, y) for all x, y € R*) forms the generalized orthogonal group
O(1, 3). The set of matrices L from O(1, 3) such that det(L) =1 and Ly > 1
(i.e. there is no time inversion) is called the proper Lorentz group and denoted by
SO(1, 3),. This group is generated by the proper Lorentz transformations and the
rotations in the momentum space. Therefore, we consider the following action of
SO(1, 3), on the subspace P, composed of the polynomials of R[yy, y1, 2, 3]
with total degree less or equal to #,

¢ :850(1,3), — GL(Py)
L+ {R(30. ¥1,¥2,¥3) = R(L™' (0, y1, 2, »3))}- (19)

Finding the finite dimensional subspaces of R[e, p', p?, p?] that satisfy condition
(IT) amounts to finding the irreducible subrepresentations of (¢, P,). This is the
aim of the following theorem, which rests on the representation theory of Lie
groups and Lie algebras. Its proof is postponed to Sec. 6.

Theorem 1. A space W is an irreducible subrepresentation of (¢, P,) if and
only if there exist j € [0, [n/2]] and some real numbers (Ai)o<i<; such that Wis
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generated by the real parts and the imaginary parts of

Zj:)»(z— > 2 2)j—k Zq: (n—2j —r)'r! q
Ko =1 —=XY2 =03 (n—=2j—r—ml(r—q+m) \m

k=0 m=max(q—r,0)

o + 3)" (o — y3) "I (1 + ipa) T T (o — i), (20)

Jor q,r €[0,n —2j1,q +r <n—2j. Moreover, any subrepresentation of
(¢, Py) is a direct sum of irreducible subrepresentations.

Here as in the rest of this paper, [x] denotes the integer part of x € R and
(i) stands for the binomial coefficient. This theorem describes all the irre-

ducible representations of (¢, P,). We deduce then all the spaces that satisfy
condition (IT) by replacing (yo, v1, y2, ¥3) with (g/c, p', p?, p*). We notice that,
since (¢/c)? — |p|> = m*c?, the factor (y3 — y? — y? — ¥3)/ 7% in (20) is replaced
with the constant (m?c*)/~*. Therefore, we have the following proposition.

Proposition 2. Foreveryl € N, let M|, denote the vector space generated by the
real parts and the imaginary parts of

z (I —r)r! q
2 (=r=mlr—q+m)! (m)

m=max(q—r,0)

(e/c+pY'(e/c— pPY (P +ipH) TP —iphHTT", (21)

forq,r € [0,11, g +r < 1. Each M, satisfies condition (II) and is irreducible, i.e.
there is no non-trivial strict subspace of M; which is invariant under the proper
Lorentz group. Moreover, a finite dimensional subspace M of Rle, p', p?, p*]
satisfies condition (1) if and only if there exist N € N and some I, € N, k =
1,..., N such that Ml is the direct sum of the M,k =1,..., N.

Proof: It is clear that Mj satisfies condition (II). Let us assume that M; is not
irreducible. Then, there exists a non-trivial subspace O of M; that is stable under
the proper Lorentz group. Let R be a supplement of Q in M;. Then, M; = O & R.
Let (¢s)1<s<s be a basis of Q and (r;);<;<r a basis of R. Let 7 denote the function
defined by w(P(yo, ¥1, 2, 13)) = P(s/c, p', p?, p?), for every P € P;. Then,
M; = 7z (T';), where T is the real vector space generated by the real parts and the
imaginary parts of (20) withn = /and j = 0. Foreveryl <s < Sand1 <t < T,
there exist g;, 7, € ['; such that g, = m(g,) and r, = 7 (7;). Let us denote by Q and
R the vector spaces generated respectively by (gs)1<s<s and (%)1<r<r. We have
ker(r) = (b — ¥} — ¥3 — y3 — m*?)P,_, and we deduce from (57) that

P = &h_oTx @ ker(r), (22)
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because I’y = F for k € [[0,/]. Thus, 7 r, is an injection and dim(I';) =
dim(Mj). Consequently, I, = 0 @ R and O is a non-trivial subspace of I'; that is
stable under the proper Lorentz group, which contradicts the irreducibility of I';.

Let M be a finite dimensional subspace of R[e/c, p!, p, p’] that satisfies
condition (II). It remains to check that M is a direct sum of spaces M[;. We denote
by (m;)i<i<y a basis of M. For every i € [1, N], let 1; € R[yo, y1, »2, y3] be
such that 7 (72;) = m;. Let M C R[yo, y1, v2, y3] be the smallest vector space that
contains all the ri; and is stable under the proper Lorentz group. We have M C P,
for some n € N. By Theorem 1, M = ®oTy, where (I'y), denote irreducible
subrepresentations of (¢, P,). The vector space 7 (M) contains M. Let m € 7 (M).
Then, m = 7 (/) with i € M. Thus,

N
o, v,y ¥ =Y Y hwii(L7 (30, ¥, v2, 33)),

i=1 LeSO(1,3).

where the coefficients X; ;, are almost all null. Consequently,

N
me/c.p'. p’.p )= > hum(L7'(e/c.p". p*. pP)).

i=1 LeSO(1,3).

Hencem € Mand 7 (W) = M. We thus deduce that Ml = 3", 7(Ty) = Y, My,
where we have only kept the spaces M, that are distinct. By (22), the spaces
(M )o<k<n are linearly independent, which completes the proof of Proposition 2.
O

We now make the connection between M; and the orthogonal complement
construction stated at the end of Sec. 1.2. Before stating the result, we introduce
some notations. For any tensor T of order k, we denote by T the symmetric part
of T, that is the tensor whose components are

T = Y TR G € 10,31
O

where X; denotes the symmetric group of order k. Let / € N. We recall that 7; is
defined by (17). We define

T/=span | g®...Q g®T_u(p),0 <k <[l/2]],
————

k times

T/=span |g®...®@ g®T u(p), 1 <k <[l/2]
————’

k times
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Obviously T, = ﬁ‘; @ 7;R. Finally, the Minkowski form on tensors induced by the
Minkowski form on four-vectors is given by

(T, Do) =i jy -Gy T T (23)
where T and 75 are two tensors. If (77, 75) = 0 the two tensors are said orthogonal.

Now, we state the

Theorem 3. Let [ € N. Then, the vector space M, given by Proposition 2 is
generated by the components of the tensor S)(p) defined by

W (=mi)( = k!

Si() = T(p)+z( e T T D

k times

and we have the following orthogonal decomposition

A
T, = S](p)R@Tl

Proof: Let us denote by M the vector space generated by the components of
Si(p). Fork > 1 and > 2, we have

——i\.in,i3,ei dk(l — k + 1 i3,
g ® - @eeTap = M ) e e T )
& ° -1 e —=
k times k—1 times
I -2k —2k—1 i3,
22022 Y T (25)
-1 _
k times

for any (i3, ..., i;) € [0, 3]'~2. Consequently, this leads to

& Si(p) i = 0,

for any (i1, ..., i;_y) € [0, 3]"~2 and then, S;(p) has at most (/ + 1)? independent
components. Thus, dimM, < dim (M;). But, by (Ref. 5, Lemma 17.2.1), §; is a
four-tensor and therefore, Mj; satisfies condition (II). Moreover, the components
of S§;(p) are polynomials with degree ! from P;. By Theorem 1, we conclude
that M; = M;. We deduce from (25) that the one-dimensional space generated
by the tensor S;(p) is the orthogonal supplement of T, in T, with respect to the
Minkowski form (23). O

We now write down the moment spaces that arise in (21) for/ =1,/ =2,/ =
3 and / = 4. Moreover we also consider here conditions (I) and (III).
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Case/ =1 M, =span(e, p', p?, p?).

This is the space generated by the four-vector 5. In order to satisfy condition (I),
we add the mass and obtain the moment space ’; = span(1, 7). Whereas M, is a
4-dimensional space, P| is a 5-dimensional space. As stated in Sec. 1, P| satisfies
condition (III). The corresponding equations read

9
—/ fdp+vx-f fodp =0, (26)
ot R3 R3

9

—/ fpdp+vx~/ fv®pdp=0. @7

at R3 R3

9
—/ fsdp+c2Vx~f fpdp=0. (28)
8t R3 R3

Casel =2

M, = span (ep, (p' p/)izj, (m*c* + |pI* + (07 ))12j<3).

The space M) is a 9-dimensional space. Adding 1, p and &, we obtain the 14-
dimensional space P, = span (1, P, p ® p) which satisfies conditions (I), (II) and
(I1II). The space P, leads to the following 14-moment system

0
o [ rapeve [ ruap=o 29)
at R3 R3
d
5 [ rpap+v.- [ oepip=o (30)
N fsdp—i—cV /fpdp—O 31)

9 2y . _
. /R fepdp+E, /R fp® pdp = /R Ow(f epdp. (32)

5 [ rropip . [ foepepdp= [ 0uts p®pip.3)
Case/ =3
M = span (e(p' p/)izj. p' PP, (e(m*E + |pI> +3(p'))i<; <3,
(P’ GBm* +31pl + (P V<3, (P'(m*E + |p + (p7))ig))-
The dimension of M is thus 16. If we also consider the mass, momentum and

energy, we obtain the space P; = span (1, p, p ® P ® p), whose dimension is 21.
The space P; satisfies conditions (1), (II) and (II) and leads to the moment system

d
—f fdp+Vx~/ fvdp =0, (34)
at R3 R3
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9
—/ fpdp+vx.f Sv® pdp =0, (35)
8[ R3 R3
9
o [ reap+ v [ pap =0, (36)
8t R3 R3
9
—/ f8p®pdp+czvx-/ fp® p® pdp
ot R3 R3

= [ 0utr pyep s pip. (37)
9
— | /p®p®pdp+V,- | fv@p®p® pdp
E)t R3 R3

= [ 0utr pre e . (38)

Case/ =4
The space My is a 25-dimensional space. In order to satisfy condition (I), we
add the mass, momentum and energy to My and obtain the space My

span (1, p, e, ep' p* p*. (> + |pP* + (P))(P!) — 0"V Disiis.jhs
x (m*c? + |pPPy +20plPm* +2pP) + (p' P*) + (p' PP + (P*P),
(P =3 P/ = 30" PV + 30" PV )it je
(ep/ (M + |pI* + (P i<j<3. (0’ (7S + PP +3(p" V)i
(P P’ B + 1p1*) + (P iz (P P (S + PP+ (0" Vissish ),

that is an admissible space with degree 30 whereas the space 1@4 =span(l, p, p ®
P ® p ® p) has dimension 39.

Conclusion

The spaces M are strictly included in the spaces ; defined by (18). When we
also consider condition (I), we recover the spaces I@’; and M; introduced in Sec. 1.
Contrary to the classical case, condition (III) had no consequence since the spaces
we considered were already admissible.

The finite dimensional subspaces of R[e, p!, p?, p*] that satisfy condi-
tions (I), (I) and (III) are the vector sum of the spaces obtained as above for
I =1,2,3,4,... Hence, the admissible space with maximal degree 1, 2, 3 or 4
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are

maximal dagree = 1 M = span (1, 13)
maximal degree =2 M = span(1, p iz P D),
maximal degree =3 M = span (1, p, p ® pRp),
M = span(1, p, p® p, p ® p ® p),
maximal degree = 4 M = M, @ span (1, p),
M = span (1,5, p ® p ® p ® p),
M =span (1,p,p@p®p.p® P ® P ® P),

which have respectively dimension 5, 14, 21, 30, 30, 39 and 55.
3. CLASSICAL LIMIT

The classical limit consists in considering velocities v that are much smaller
than the speed of light c¢. This amounts to let v/c — 0. The equations should
be rescaled but, for the sake of clarity, we keep our notations and let ¢ — +o0.
From (3), we deduce that

o mlv|*>  3m|v|* 1
s =

2 1
andp = mv+ ™ Lo (L), (39)
2c2 ct

It implies that

1 1 1
f(t,x, p) = = felt,x,v) + O (-2) and dp =m’dv+ O <—2> . (40)
m c c
We denote here by f. the distribution function in the classical case.

3.1. System (1, p)
We consider the classical limit of (26)—(28). With (39) and (40), Egs. (26)

and (27) become
d 1
—f fcdv—i—Vx-/ fevdv+ O\ = | =0,
ot Jps 3 c?

0 1
—/ ﬁvdv+VX~/ fev®uvdv+ 0| =) =0.
at R3 R3 C2

We thus obtain

i/},;de,f}fcvdv:o, (41)

3 fcvdv+V / fv®vdv = 0. (42)
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Moreover, Eq. (28) reads

d
mc? (—/ fcdv—{—Vx-/ fcvdv>
Jat R3 R3

9 1
+ﬂ _/ fc|v|2dv+Vx-/ fclvlzvdv +0(—=)=0,
2 81‘ R3 R3 CZ

which, with (41), leads to

9 1
—f fc|v|2dv+Vx-/ fc|v|2vdv+0<—2> =0,
81‘ R3 R3 c

that is,

a
—/ fclvlzdv+vx-/ felvlPvdv = 0.
at R3 R3

We finally obtain the following system

0
—/ fcdv—i-Vx-f fevdv =0,
ot R3 R3

d
— fcvdv+Vx'/ fev @ vdv = 0,
ot R3? R3

0
_/ fc|U|2dv+Vx-/ felv]Pvdv = 0,
at R3 R}

that is the equations associated to the moment space span(1, v, |v|?). This space is
invariant under any rotation and translation, and it is an admissible moment space.

3.2. System (1, p, p ® p)

We consider the classical limit of (29)—(33). We pass to the limit ¢ — 400
in (29)—(31) as we did for (26)—(28). With (39) and (40), Eq. (33) becomes

ad 1
—/ fcv®vdv+Vx~/ fer@vudv+ 0| —
ot Jr3 R c?

1
=W/R} Or(f, )P ® p dp.

We still need to pass to the limit in the collision kernel Qr(f, f). We deduce from
(39) that (8) and (9) read

1 1
szlv—v*l—i—O(—z) and a:ac—i—O(—z),
c c
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where

99+ : ith mm
o. = - wi = .
8ulv — vy|?mwey ) sin*(0/2) b= + my
Moreover, (40) implies that

! 1
() ) = o) fw)) + O (?) ,

FEHYfP = f(p) f(p) =

m3

where the velocities v" and vi are solutions to the conservation laws of momentum
and energy

i

mv+m*v*=mv”+m*v* and m|v|2+m*|v*|2=m|v”|2+m*|vi|2.

We thus obtain that
1 1
Or(f. /)= WQc(fc, Jo+ 0O (;) , (43)

where Q¢ denotes the classical collision kernel

Octfe fotr vy = [ [ o= vl 00 ~ £ fiw v do,

From (43), we deduce that (33) reads
d 1
—/ fcv®vdv+Vx-f fov@uv@udv+ 0| —
ot R3 R3 6'2

:/ Qc(ﬁ,f;)v®vdv+0<i2)
R’ c

We finally get

d
— ﬂv@vdv+Vx~/ fcv®v®vdv=/ Oc(fe, fo)v ® vdv.
at Jgrs R3 R?

Similarly to (28), Eq. (32) becomes

d
m*c? (—/ fcvdv+Vx~/ fcv®vdv)
at R3 R3

m? (9 5 2
+— = felv|“vdv + V, - felvl“v ® vdv
2 8t R3 R3

1
+0(5) = [ 0atr vy

But,

2
[ 0xts rrepan =" [ 0ctri. folvfudv+ 0 (%) ,
R? 3 p
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whence, with (42),

9 1
—/ fclvlzvdv+Vx~/ felvPv@vdv + 0 —
at R3 R3 C2
1
=/ Oc(fes flvPvdv+0 (= ).
R3 c
Finally, system (29)—(33) becomes, letting ¢ — +o0,
d
—/ ﬂdv+Vx~/ fevdv =0,
ot R3? R3

0

—/ ﬁvdv+Vx~/ fev @ vdv =0,

8t ]R3 R3
0
—/ fc|v|2vdv+Vx~/ fc|v|2v®vdv=f Qc(fc,fc)|v|2vdv,
ot R3 R3 R3

0
— fev®@vdv 4V, - fer®@v®uvdv = Oc(fe, fo)v @ vdv.
at Jg3 R} R}

We thus obtain the moment space span (1, v, v ® v, v|v?|), that is the Grad 13-
moment system. The Grad 13-moment system is therefore compatible with the
relativistic system. This space is stable under any rotation and translation. However,
it is not an admissible space (in the sense of Levermore). Here the limit system
has dimension 13 whereas the system (29)—(33) has dimension 14 because the
equation involving |v|? is obtained twice.

3.3. System (1, p, p® p® P)

We have already passed to the limit in (34)—(36). With (39), (40) and (43),
Eq. (37) and (38) lead to

a 1
—/ fcv®vdv+Vx~/ for@uv®udv+ 0| =
ot R3 R3 02

:/ Qc(fc,fc)v®vdv~l—0<lz),
R’ c

and

d 1
—/ fcv®v®vdv+Vx~/ Jr@v®vvdv+ 0| =
at R3 R3 c?

=/ Oc(fer f)v @ v @ vdv + O (iz)
R? c
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Thus, letting ¢ — 400, we obtain the following equations

0
—/ fcdv~|—Vx~f fevdv =0,
ot R3 R3

a

—/ ﬁvdv+Vx~/ fev @ vdv =0,

at R3 R3

a

—f fcv®vdv+Vx-/ fcv®v®vdv=/ QOc(fe, fo)v ® vdv,
ot R3 R} R3

a

—/.fcv®v®vdv+vx-/fcv®v®v®vdv

at R3 R3

- / Oclfon fo)v ® v ® vdlv,
R3

that is the moment system corresponding to (1, v, v ® v, v ® v ® v). This system
is invariant under any rotation and translation but is not an admissible system (in
the sense of Levermore). This space has dimension 20.

3.4. System (1,5, p®p, P® P ® P)

We deduce from the above calculations that passing to the limit in the moment
system associatedto (1, p, p @ p, p @ p ® p) leads to

d

— fcdv—i—V,,f/ fevdv =0,
3t R3 R3

0
—f fcvdv+VX-/ fev @ vdv =0,
at R3 R3

0
—/ fcv®vdv+Vx~/ fcv®v®vdv=f Oc(fe, fo)v ® vdv,
at Jg3 R} R}

0

—/ fcv®v®vdv+Vx~/fcv®v®v®vdv
dat R3 R3

:/ Oc(fe, fo)v @ v ® vdv,
R3

0

—/ fc|v|2v®vdv~|—Vx~f felvPv ® v ® vdv
at R3 R3

- /RB Oc(fe, fOlvl*v ® vdv,
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that is the moment system corresponding to (1, v, v @ v, v @ v ® v, |[v?|v ® V).
This system is invariant under any rotation and translation. Moreover, it is an
admissible system whose dimension is 26.

3.5. System M,

The system M consists of 30 independent moments. Consequently, we do
not write down all the equations and we do not give all the details of the passage
to the limit. The different steps are described below.

e As previously, the moment system (1, p, ¢) leads to the moment system
(1, v, [v]?).

e From the set of moments of the form p’ p/(3(m>c? + |p|?) + (p')?) and
p'p/m* + | pl* + (p")?), we obtain the moments v;v;, v;v;(v; — v7)
and v;v;(v; — 3vg) fori # j, k#iand k # j.

e Passing to the limit in the set of moments of the form ep’(m?c® + |p|> +
(p")?) and ep’(m>c* + |p|> + 3(p*)?), we get the moments |v|?>v; and
v,»(vl.2 — 3v,%) fori # k.

e The moment ep' p? p? leads to the moment v; v, v3.

e The six remaining moments lead to the moments v; — v? and v} + 3viv} —

3vjvi — 3vjug, fori # j,i #k,and j # k.
Summarizing, the limit system is the following 29-dimensional space

span (1,1, V@ v, V@V ® v, (v,‘vj(vl-2 — 3v,%))l.#,i#’#k,

(v + 30707 = 307 (V] + %)), eyt a)
which also reads
span(l,v,v®v,v®v®v,v®v®v®v—6|U|ZW
+3v|* ® I3/35),

where T denotes the symmetric part of the tensor 7. The obtained space is invariant
under any rotation and any translation but it is non admissible.

3.6. System (1,5, p® pQ P ® p)

Passing to the limit ¢ — 400 as in the previous sections, we get the moment
space

span (1,1, V@V, v Qv ® v, v Q@ v Qv Q v),

whose dimension is 35. This space is stable under any rotation and translation and
it is admissible.
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3.7. System (1, p, p® p® p, p® p® p ® p)
Letting ¢ — 400, we get the moment space
span(l,v,v®v,v®v®v,v®v®v®v,|v|2v®v®v).

This space is non admissible and has dimension 45. It is invariant under any
rotation and any translation.

3.8. Conclusion

Passing to the limit ¢ — +o0o on admissible relativistic systems, we
have obtained admissible classical spaces as (1, v, |v|2) and (,v,v®v,v®
v ® v, [v[*v ® v)), but also non admissible spaces as (1,v, v ® v, v|v|?) and
(1, v,v®v,v ®v ® v). Let us summarize the obtained limit systems:

Relativistic system Limit system
(1, p) (1, v, [v?)
(1,p, p® p) (1, v,v®v, [v]v)
(1,p,p@PpRP) (1,v,v @V, vV Q)
(L,p.P®P,P®P®P) (Lv,v@v,v®veuv,|vfv®v)
My & span(1, p) Lv,v®@v,rlvuv,

VRUVR VRV

—6|v]*/TE @V v

+3|v|*3 ® I3/35)
® p) (L, 1@,V VR® UV, VR V® VU ® V)
pOpRp®pP) (Lv,vv,vVAUY,

VRUVRUVRU, [P Qv V)
By letting ¢ — 400 in the relativistic moment spaces, we do not recover all
the classical moment spaces, for instance, we did not get (1, v, v ® v). Since
classical mechanics is considered as an approximation of relativistic mechanics
as ¢ — +00, it could be sensible to choose as moment spaces in the classical case
only the admissible moment spaces that can be obtained as a limit of relativistic
ones.

,POPRP
® PR p,

LS
ATl
ATl

({,
{,

4. THE ULTRA-RELATIVISTIC CASE

The ultra-relativistic limit corresponds to the case when the total energy € of
a particle is much larger than its rest energy mc?. There are two possible cases of
ultra-relativistic gases: either we let the mass m becomes very small or we let the
temperature 7" becomes very large. We only consider the first limit here. As for
the classical limit, the equations should be rescaled but we do not want to get the
reader confused with non necessary details. Consequently, we keep our notations
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and let m tend to 0. Formulas (4) read

e=c|p|+ O@m? and v= c|£| + O(m®). (44)
p

We deduce then that (8) and (9) read
Uy = Upur + O(mz) and o =0, + O(mz),
where
P " Px 99+ 1+ cos*(6/2)
Viur = Vel | 1 — and o, = — 5 - .
[Pl Pl dreg ) 8c2|pl*sint(6/2)
We thus obtain that

QR(fv f) = Qur(fura fur) + O(mz)v (45)

where f,, denotes the ultra-relativistic distribution function and Q,, the ultra-
relativistic collision kernel

Qur(fur’ fur)(t’ X, p) = / /S; . UMurO'ur(fur(pj)ﬁﬂ(pi) - fur(p)ﬁtr(p*))

dp.dow.

System (1, p)
With (44), Egs. (26)—(28) lead to

d
i / Jurdp + ¢V, - / JuLdp =0, (46)
ot Jgs R Pl
0 D
., furpdp +Cvx . fur_ ®Pdp = O, (47)
ot Jrs R pl
0
o | ftplap+evi [ fupdp =0, @)
t R3 R3

that is the 5-moment system associated to (1, p, | p|).

System (1, p, p ® p)
By (44) and (45), Egs. (29)—~(33) read

0
_/ ﬁ,{rdp—i—cvx/ ﬁlridpzo,
ot Jg» r Dl

0
_/ furpdp +cVy - / furi ®Pdp =0,
ar Jr» R [Pl
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3
8_/ fur |p|dp+cvx / ﬁlrpdp = 07
t R3 R3
3
. / Julplpdp + eV, - / frp ® pdp = / 0w fure furlplpdp.
t R3 R3 R3

0 p
—/ Jurp ® pdp + ¢V, - / Jur— Q@ p® pdp = / Our(fur> fur)P ® pdp,
ot Jrs ® P R?

We thus obtain the 14-dimensional system (1, p, |p|, plpl, p ® p).

System (1, p, p® p ® p)
In the ultra-relativistic case, Egs. (34)—(38) become

d
‘f Surdp + Vs - / furLdp =0,
at Jp3 R yd

0 ®

_/ ﬁlrpdp+cvx./ ﬁlrudp:()’

ar Jr: R} Pl

d

3_/ fur|p|dp +cV, - / furpdp =0,
t R3 R3

d

5 |, Jwrlplp ® pdp +cVi | furp ® p ® pdp
t R3 R?

=/R} Our(furs fur)lplp ® pdp,

pPRPIPRp

dp
[P

d
_/ ﬁtrp®p®pdp+cvv/ fur
ot R3 R3

= A3 Our(furs fur)P ® p & pdp.

We thus obtain the system (1, p, |p|, |plp ® p, p @ p ® p), whose dimension
is 21.

System (1, p, p® p, p® P ® p)

Letting m — 0, we obtain the moment space

span (1, p, |pl, |plp, p® p, IPIP® P, p ® p® p),

whose dimension is 30.
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System N,
In the ultra-relativistic case, the space M4 becomes
span(L, . |pl. Iplp' p*p*, 31p1* + (' P77 + (0°P*) + (0" P () DY)
(P = 30" p'Y = 30" D)V + 307 PV )ijisk jhs » (D' DT (DD ists it ik
ApP + (PP = PV Dig i jr (A1 Yz =3. (1 PLP (PF))j20).

System (1, p, p® p® p ® p)
Passing to the limit m — 0, we get the moment space
span(l, p, |pl, Iplp, p®p. IPIp®pRp,p® P p A p),

whose dimension is 39.

System (1, p, p® p® p, P® P ® p ® p)
In the ultra-relativistic case, the moment space (1, p, pRpRp, pR P ®
P ® p) leads to

span(1, p, |pl, Iplp, PR P, Iplp @ P, PP P, IPIPRPR P, PP pAp).

This space has dimension 55.

5. MOMENT CLOSURE PROBLEM
5.1. The Maximum Entropy Principle

Up to now, we have determined the moment spaces M that could be used to
derive moment system, as well in the relativistic case than in the ultra-relativistic
case. The moment system is then obtained by multiplying the Boltzmann equation
by a basis m = (m;)1<i<y of M and integrating with respect to the momentum
variable. However, the obtained moment system is not closed unless a distribution
function is specified. A usual strategy consists in closing this system using the
function that solves the entropy minimization problem. Given M € R", we close
thanks to the distribution function f* that realizes the following minimum

rmkm=@UMFﬂ@, @ﬂW@ﬂm@=w.M%

It is of course not warranted that this problem has a solution. Indeed, the vector
M e RY needs to satisfy some constraints in order that there exists a distribution
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function f* such that

[ r@mp.eondp = . (50)

Formally, the method of the Lagrange multipliers imply that the solution f* of the
entropy minimization problem (49) satisfies

[t x, p) = exp(a(t, x) - m(p, &(p))),

where the coefficient @ € R" is determined by the constraint (50). Consequently,
the main point is to know whether there exist exponential densities that satisfy (50).
This problem has been answered in the classical case by Junk(!¥ and Schneider,®>
who assumed that there exists one moment of the basis that grows faster than the
others at infinity. This assumption is fulfilled neither by the relativistic moment
spaces nor by the ultra-relativistic moment spaces. It would be interesting to
see if the results of Junk and Schneider could however be extended to these
cases. Of course, the ultra-relativistic case should be easier to handle because
the corresponding energy € = c|p| is much simpler than the relativistic one.
Consequently, some calculations might be explicit. This problem is not considered
herein.

In the relativistic and ultra-relativistic cases, the moment realizability prob-
lem has already been solved for the moments (1, p, e(p)) and (1, p, €(p)). Con-
sequently, for these moment systems, the closure by the entropy minimization
principle can be carried out. We summarize the main ideas below.

5.2. The Relativistic Case

We proceed here below to the closure of the 5 moment system (26)—(28).
By Ref. 10, Theorem 3.15.3 and Ref. 8, Theorem 2.1, there exists a solution to
the problem of minimizing the entropy at fixed mass », momentum P and energy
W if and only if n, P and W satisfy m*c?n? + | P|?> < W?/c? and this solution is
uniquely determined. This solution is the relativistic Maxwellian of the form (11)
that satisfies

= [ M. P=[ Mewdp and W= [ M.

The closure of the system (26)—(28) thanks to this Maxwellian enables us
to compute the fluxes ;s fvdp and [p3 fv ® pdp in terms of n, P and W. We
obtain the relativistic hydrodynamic equations (see Refs. 17 and 19)

9 n nu
> P|l+V.-| PRu+PyId|=0.
"\ w Wu+ Py, u
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where P, W and P are related to 7', u and n by
2
P =nkT, W= (neo(T) + uP) and P = yu%(neo(T) + P).
C

Here, we denote respectively by u, P, T and ey the velocity, the stress, the tem-
perature and the proper internal energy of the fluid. The constant k is Boltzmann’s
constant.

5.3. The Ultra-Relativistic Case

We close here the system (46)—(48) thanks to the Maxwellian that minimizes
the entropy at fixed mass 7i, momentum P and energy W. The proof of [Ref. 8,
Theorem 2.1] can be extended to the ultra-relativistic case and there exists a
solution to this problem if and only if P and W satisfy |P| < W /c, this solution
being uniquely determined. This solution is the ultra-relativistic Maxwellian of
the form

M(p) = Aexp(—°Ipl +B-p) with AcR; *cRy ek’

that satisfies
i= [ dpp. P= [ Mppdp and W =c [ Spipidp.
R} R} R}

We obtain the ultra-relativistic hydrodynamic equations (see Ref. 16)

9 il fitl
—| P |+V- P®u+73yulld =0,

at 114 Wu+737/_1~

where 75 W and P are related to T , 1 and 7i by
. - |it|? N i~
P =iikT, W = 3+— P and P =4y, —P.
c

Here, we denote respectively by i, P and T the velocity, the stress and the tem-
perature of the fluid. The constant & is Boltzmann’s constant.

6. PROOF OF THEOREM 1

This section is based on the representation theory of Lie groups and Lie
algebras. Therefore, we refer to Ref. 9, and 13 for further information. The group
S0O(1, 3), is a matrix Lie group. We point out that Lie algebras are essential for
the study of matrix Lie groups because they have the advantage of being vector
spaces and thus allow the use of linear algebra tools. The Lie algebra associated
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to SO(1, 3), reads

sor(1,3) = {X € M(4,R); gX" + Xg = 0},
where X7 denotes the matrix transpose of X. Let soc(1,3) be the complexification
of sor(1,3) (see Ref. 13, Definition 2.43),

soc(1,3) = {X € M(4,C); gXT + Xg = 0}.

We denote by C,[yo, ¥1, 2, 3] the set of complex homogeneous polynomials
with degree n and consider the following representation of SO(1, 3),:

@ :50(1,3), — GL(Cy[y0, y1, ¥2, ¥3])

L —> {R(yo, ¥1, ¥2, ¥3) —> R(L™' (30, ¥1, ¥2, 3))}

By (Ref. 13, Proposition 4.4), the representation (@, C,[yo, 1, y2, ¥3]) of
SO(1, 3), induces a unique representation (®, C,[yg, y1, y2, ¥3]) of sor (1,3),
which is defined by

d
d(2) = E@(etz) , Z e sog(1, 3).
=0

By (Ref. 13, Proposition 4.6), this finite dimensional complex representa-
tion of sogr(1,3) may be uniquely extended to a complex representation
(@, Calyo, 1. y2, y3]) of soc (1, 3), given by

B(2Z)=O(Z)+iD(Z,), Z=Zi+iZsesoc(1,3), Z\,Z € sor(l,3).

The representation theory of Lie algebras implies, thanks to the highest weight
theory, that the following theorem holds:

Theorem 4. The representation (®, C,[vo, y1, y2, v3]) of soc (1,3) is not irre-
ducible. More precisely, we have the following decomposition:

(/2]
Calyo. y1. 32, 131 = EP T 00 (51)
j=0

where Fi’?z joisa subspace of C,[yo, v1, V2, 3] generated by

min(/,n—2j—k) .
5 5 ) Y, (n—2j—k)! k! <l>
(J’o_y1_y2_J’3) Z -
( el —k.0) n=2j—k—m) (k—1+m)! \m

1 = i) T o+ p3)" o — )T (O + l'yz)l—m> (52)
0<k<n—2j

Each representation ( , Ffln_)z j.0) Is irreducible.

(n)
02250
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It then follows easily that

Theorem 5. The representation ($, C,[yo, y1, ¥2, ¥3]) of SO(1, 3). is not irre-
ducible. More precisely, (51) holds and each ((ZJIF@Z_O, Fitn—)Zj.O) is an irreducible
representation. '

Proof: We have to show that each Fi@z ;.0 18 stable under SO(I, 3).. Since

SO(1, 3)., is generated by the matrices

1o 0 0 1 0 0 0
0 1 0 0 cost O sint
R t = 3 R t == k)
1) 0 0 cost sint 2(1) 0 0 1 0
0 0 —sint cost 0 —sinz 0 cos?
1 0 0 0 cosht sinht 0 0
0 cost sint O sinht cosht 0 0
R3(t) = ) ., Li(t) = ,
0 —sint cost O 0 0 1 0
0 0 0 1 0 0 0 1
cosht 0 sinht O cosht 0 O sinht
La(t) = 0 1 0 0 L) = 0 1 0 0
7 sinhte 0 coshe o T o o1 o |
0 0 0 0 sinht 0 O cosht

for # € R, it suffices to show that the vector space Ff,'i)z ;.0 1s stable under any
@(Ry(¢)) and @(Lx(2)), for every t € R. The space soc (1, 3) is generated by

00 0 O 0 0 00 0 0 0
R — 00 0 O R — 0 0 0 1 Ry = 0 1 0 ’
00 0 1 0 0 00 0 -1 0 0
00 -1 0 0 -1 0 0 0 0 00
(33)
01 0 0 001 0 0 0 0 1
L= 1 0 0 O L, — 00 0 O L= 00 0 O (54)
0 0 0 O 1 0 0 0 00 0 O
0 0 0 O 0 0 0 O 1 0 0 0
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Consequently, each Ffln—)z_j,o is stable under ®(Ry) and ®(Ly), 1 < k < 3. But, we
have
Riy(t)=exp(tRy) and Li(t)=-exp(tLy), teR,
and, by (Ref. 13, Proposition 4.4),
P(e’) =e®® X esop(l, 3).

We thus deduce that Fi’?z ;.
teR

Since SO(1,3), is a connected matrix Lie group, the representation
((‘blFL"fz,,o’ Ffzn—)Zj,O) of SO(1, 3), is irreducible (by Ref. 13, Proposition 4.5 and
Ref. 13, Proposition 4.6). O

o 1s stable under any @(Ry(¢)) and @(L(¢)), for every

It remains now to consider the case of real polynomials. We denote by
R, [vo, y1, y2, y3] the set of real homogeneous polynomials with degree n and
consider the representation (@[r, [y, y1,y2,y:]» RulV0, ¥1, ¥2, 3]) of SO(1, 3),, where
@ is defined by (19).

Theorem 6. The representation (Q)r, [y, y1.y:.151» RulVo, ¥1, ¥2, y31l of SO(1, 3)e
is not irreducible. We have the following decomposition.

[n/2]
R,[yo. y1. 2. 331 = D T 0 (55)
j=0

where the space f‘i’?z 0 is generated by the real parts and the imaginary parts of

q .
2 oo o (n—2j—r)r! q
(0% —xi =2 = »3) m:m;q_m) (n=2j—r—ml(r—q+m)!\m

0o+ 33)" o — y3) "+ i) T — i) (56)

forq,r € [0,n —2j1,9+r <n—2j. Thesubrepresentations((p‘fm) , f‘fln—)zj o)
n—27,0 Js

are irreducible.

Proof: Let (¢,r) € N such that ¢ +r < n — 2j. Choosing (k, /) = (r, ¢) and
(k,1) =(n —2j —q,n — 2; —r), we deduce that the complex basis (52) can be
replaced by the real parts and imaginary parts of (56). We denote by 1:;(1”—)2 ;.0 the
real vector space generated by the real parts and the imaginary parts of (56). It
follows from (51) that (55) holds.

We still have to check that each [, ;

Theorem 5, we already know that the complexification I'

o is stable under SO(1, 3).. By
(n)

n—2;.0 OF f‘il'q_)zj.() is stable
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under SO(1, 3).. Since the proper Lorentz group SO(1, 3), is composed of real
matrices, we deduce that the real Vector space Fn 270 is stable under SO(1, 3),.

Each representation (<p|l;(n> , o) of SO(1, 3). is irreducible. Indeed, if
n—2j.0

n 2]
there is a subspace V' of f‘fsz ;.0 stable under SO(1, 3)., then the complexification
V 4+iV of V is a subspace of Ff:?zj,o stable under SO(1, 3),. Since F,(ﬁ)zj,o is
irreducible, we deduce that either V' = {0}, or V' = F;")z 0 O

We now consider the representation (19) of SO(1,3). and we prove
Theorem 1. It follows from (55) that we have the following decomposition of
(¢, Py) as a direct sum of irreducible representations

n [k/2]
k
P, =PPr, 0 (7
k=0 j=0

where I' ,(c ) 2;.0 18 the real vector space given by Theorem 6. The Schur Lemma (see
Ref. 13, Theorem 4.26) implies that this decomposition as a direct sum is unique
up to an isomorphism. Its proof follows the same lines as (Ref. 20, Proposition
1.2) for modules. We now need the following lemma:

Lemma 7. Let P, = ®i_oCryo, y1, y2, y3]. We consider the following repre-
sentation:

¢:80(1,3), — GL(P,)
L — {R(30, ¥1, ¥2, ¥3) —> R(L™ (30, ¥1, ¥2, ¥3))}

Denote by (Cii, ’ﬁn) the associated representation of soc(l, 3). A non-zero poly-
nomial Q € P, is said to be a highest weight vector associated to the weight
(n — 24, 0) of the representation (P, P,) of soc(1, 3) if

(DY = —-2))0. DO =0, HCNY=0, &30 =0,
(58)
with Dy =iR3,Dy=L;,Ci =R+ L, +i(Ry+Ly) and C3 =Ry — L+
i(Ry — Ly), where the matrices R; and L ; are defined by (53) and (54).
A polynomial Q € P, satisfies (58) if and only if

—k

J
0o y1.¥2.y3) = (1 — iy2)" 7 > a5 — v1 — v3 = 33)’ (59)
k_

withhy € Cfork=0,...,]
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Proof: Let us assume that Q € P, satisfies (58). As previously, by (Ref. 13,
Proposition 4.4) and (Ref.13, Proposition 4.6), we have

d

d(2) = %@(ele) +i g Z=Z14+iZ,, Z,Z, €sor(l,3).
=0 =0
The change of variables Y = P X where
1 0 0 1 Yo X0
P 01 1 0 ’ y— | x= X1 ’
0 i —i 0 Y2 X2
10 0 -1 3 3

diagonalizes both D and D, and implies that the coefficients of
O(xo, x1, X2, X3) = Z o oy o X+ X o
ko+ki+ky+ks<n
where O(X) = Q(PX), satisfy
(n—2j — ki + ka)aky ky kyks = 0, (60)
(k3 — ko)aky. iy ky.bes = 0, (61)
(k2 + Daky—1k1 ko1, + (3 + Dtk =150 ks+1 = 0, ko = 1,k > 1, (62)
(ko + Daky+1,k1-1,k ks + (2 + Dt i o161 =0, kr = 1, k3 > 1, (63)
for every (ko, k1, k2, k3) € N* ko + k| + k» + k3 < n. We thus deduce that
Jj -l

A . m_n—j—m—Il_j—m—l_m
O(x0, X1, X2, X3) = E E Amon—j—m—1, j—m—lmXo X X X3 .
1=0 m=0

Let Iy € [[0, j1 and mg € [0, j — []] be such that @, ,—j—my—1i, j—mo—ig,mo 7 O-
Egs. (62) and (63) imply that

. j—mo—I
_ 1 j—m—1 [ J -1 amo»n—J—mo—lo,.f—mo—loﬁmo(_l)j mo~to
am,n—j—m—l,j—m—l,m - (_ ) m )

('n’)

j
O(xo, X1, X2, X3) = xf_zj ZAI(XOJQ —xix) 7,
=0

with Ay e Cfor/ =0,..., J. O

for each/ € [[0, j] and m € [0, j — []. Consequently,
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Proof of Theorem 1. Let /7 be an irreducible subrepresentation of (¢, P,).

Let us recall that, by (Ref. 13, Proposition 4.33), for every finite dimensional
representation (I1, V) of a Lie group that decomposes as a direct sum of irreducible
representations, every stable subspace of V' also decomposes as a direct sum of
irreducible representations and, given a stable subspace U of V, there is a stable
subspace U such that V = U @ U.

Case 1. There exists k € [[0, n]| such that W C Ry[yo, y1, ¥2, ¥3]-

1t follows from (55) and (Ref. 13, Proposition 4.33) that there exists a stable
subspace W' C Ry[vo, ¥1, ¥2, ¥3] such that Ry[yo, y1, v2, 31 = W & W'. Then,
(Ref. 13, Proposition 4.33) implies that W' = @,T,, and, thus,

RiLyo, y1, ¥2, 131 = W D @ale-

By uniqueness of (55), there exists j € [0, [k/2] ]| such that W ~ f’,(i)%o. Con-
sidering the complexification We = W + i W of W and extending the action of
SO(1, 3). on W¢ to an action of soc (1, 3), we deduce from (Ref. 13, Proposition
7.15) that W¢ contains a unique highest weight vector Qi_»; associated to the
weight (k — 2j,0). Lemma 7 implies the existence of . € C such that

Ok—2;(Vo, 1. ¥2, 3) = A1 — iv) ¥ (v§ —y1 — 3 — »3) .

By (Ref. 13, Proposition 7.18), since W¢ is a complex irreducible repre-
sentation, W¢ is generated by the iterated action of ®(C,) and ®(Cs) on
Qkfzj, withCy = Ry + L1 +i(Ry + Ly)and Cy = Ry — Ly +i(R; — Ly). Con-

sequently, We = F]((k_)zjy() and W = ﬁgiz;,o

Case 2. There is no k such that W is included in Ry[yy, y1, 2, ¥3]-

By (57) and uniqueness of this decomposition, we deduce, as previously, that
there exists j € [0, [n/2] | such that W ~T',_5; 0. Considering the complexifi-
cation We = W + i W of W and extending the action of SO(1, 3), on W¢ to an
action of soc(1,3), we deduce that W¢ contains a highest weight vector Q,_»;
associated to the weight (n — 2j,0). Lemma 7 implies the existence of constants

A eCfork=0,...,J such that

J
. 2 j—k
0y-2; (30, ¥1, ¥2, 13) = (01 — iy2)"™ E MOF -y —») .
=0

As previously, W¢ is generated by the iterated action of D(Cy) and D(Cy) on
On—2j. Consequently, Wc is the complex vector space generated by

J g min(in=2j=m)  (p 2 — m)! m! l
(V2 — 2 — 2 — 2}/ k ( )
(kzo (0 = 3i =22 = 3) D DY ey e ey g

01 = i) o+ 3) (0 = )" T 0+ i) T ) oy ey - (64)
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Forl =0andm =n — 2j, we deduce that

J
. N
Y om(F =y =3 =) o=y
k=0

belongs to W¢. The coefficients A, may not be all equal to 0. Without loss of
generality, we may assume that there exists k € N such that SR(Ay) is non-zero. (If
not, it suffices to replace A with iAy). We obtain that

J
. -
> RODE =y =33 —13) o=y (65)
k=0

is non-zero. By definition of W, the polynomial (65) belongs to W¢. Applying
n — 2j times ®(Cy) to (65) leads to

J

j—k . n—=2j
> RO — 31— —03) o —in) Y. (66)
k=0

But W¢ is stable under &D(Cl), thus the polynomial (66) belongs to Wc. By
Lemma 7, the polynomial (66) is a highest weight vector associated to the weight
(n—2j,0). By (Ref. 13, Proposition 7.15), W¢ contains, up to a constant, a
unique highest weight vector associated to the weight (n — 2j, 0). Consequently,
the coefficients Ay of (64) are real. Finally, we deduce that W is the real vector
space generated by the real parts and the imaginary parts of (20) with A, € R for
k=0,...,j.

APPENDIX: REPRESENTATION THEORY IN THE CLASSICAL CASE

The restrictions imposed on moment systems in order to satisfy the Galilean
invariance have already been studied in Ref. 15 and 24. We show here how the
previous results may be extended to the classical case. Indeed, thanks to the
representation theory of Lie groups and Lie algebras, we can determine the finite
dimensional subspace of R[vy, vy, v3] that are stable under any rotation of SO(3).
We consider the following action of SO(3) on the subspace P, composed of the
polynomials of R[y;, y,, y3] with total degree less or equal to n.

0:S0(3) — GL(P,)
L+ {R(y1,y2, ¥3) = R(L™'(y1, y2, )} (67)

We first consider the restriction of ¢ to R, [y1, »2, v3], the set of real homo-
geneous polynomials with degree n. The representation theory of Lie groups and
Lie algebras then implies that
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Theorem 8. The representation (@r,[y,,y,,15] RulV1, Y2, ¥31) of SOQ3) is not
irreducible. We have the following decomposition:

()
R, [v1, y2, 3] = P T, 4 (68)

where the space Fg;)_4 ; 1s generated by the real parts and the imaginary parts of

min(/,n—2j) -+l .
; (=1y"(n — 2 )1
(y12 +y22 +y§)J Z : ] | 19n—=2j+1—2m
meldT /2] (n—=2j—m)l( —m)!2m —1)!12
2m—I . \n—2j—m s \[—m
2 —iys) 02 +iy) ™", (69)

for | € [0,2n — 4. The subrepresentations ((plf(") ,F(ZI:,)_A‘ ;) are irreducible.
n—4j E

The proof of Theorem 8 follows the same lines as the proof of Theorem 6. As
we deduced Theorem 1 from Theorem 6, we deduce the following theorem from
Theorem 8.

Theorem 9. A space W is an irreducible subrepresentation of (¢, P,) if and
only if there exist j € [0, [n/2]]] and some real numbers (A )o<i<; such that Wis
generated by the real parts and the imaginary parts of

/ Q2 (=1 (n — 21!

\ k
MmO+ +3 . ‘
kg 01 +22 +3) m:w;)/z] (n—2j —m)\(I —m)\(2m — [)12n=2j+1=2m

AT 2 = iy T ) T (70)
forl € [[0,2n —4/].

This theorem describes all the irreducible representations of (¢, P,). We then
obtain all the finite dimensional subspaces of R[vy, v;, v3] that are stable under
any rotation. We have the following proposition.

Proposition 10. foreveryr e N, j € [0, [r/2]]], let T, ; denote the vector space
generated by the real parts and the imaginary parts of

j N min(/,r—2/) (=)@ =20
PITIRDS - '
k=0 (r —2j —m)!(I — m)!(2m — 1)12r=2j+=2m

m=[(I+1)/2]

v vy — ivs) T T vy Fivs) T,

Jorl € [0,2r —4j]. Each T, ; is stable under any rotation.
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Moreover, a finite dimensional subspace T of R[vy, v, v3] is stable under any
rotation if and only if there exist N € Nand somer; € Nand ji € [[0, [r¢/2]11, k =
1,..., N such that T is the vector sum of the T, ; ,k=1,..., N.

Let us now show that, for each » € N, the spaces T, are generated by the
components of some tensors.

Theorem 11. Let! € N. For any tensor T of order |, we denote by T the symmetric
part of T, that is the tensor whose components are

y . 1 . ]
T]l ..... Ji — l_' Z Tﬁ,(]) ..... ]0(/)’ (jls L sjl) c [[17 3]]1

where X denotes the symmetric group of order L.
Then, the vector space T, given by Proposition 10 is generated by the
components of the tensor S,(v) defined by

[r/2]
S () ="7.(v)+
) = T.(v) ;2

(=1 — DIQ2r — 2k)!
r — 20K\ — k)lI2r — 1)!

W*L®.. . ® LT _x[),
——
k times

where T,(v) = Q" and I is the identity matrix of order 3.

We now write down the moment spaces that arise in (68) for n = 2, 3, 4.
Since we look here for moment spaces that are compatible with the Galilean
invariance, we also consider the stability under the translations. Moreover, we are
only interested in moment spaces that generalize the fluid dynamic approximation
and thus contain the mass 1, the velocity v and the energy |v|>.

Casen =2
By Theorem 8, we have

=) =)
Ro[vi, vz, 03] =T, @ Ty,

with ng) = span (|v|?) and
=2
T, = span ((v;v;)iz;, v — V3, V3 — V3).
We add the mass and the velocity to Ff)z) and obtain the moment space span
(1 v, v,
The space Ff) is a 5-dimensional space. Adding 1, v and |v|?, we obtain the

10-dimensional space span (1, v, v ® v) which is stable under any rotation and
any translation.
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Casen =3
We infer from (68) that
R3[vi, v2, v3] = FS) ® F?),
where F(;) = span (v|v|?) and
FS) = span (v1v2v3, (v,-(vl.2 — 3”?))1;&1‘)'

The space F(;) is a 3-dimensional space. Adding 1, v and |v|?, we obtain the
8-dimensional space span (1, v, |v|%, v|v|?) which is stable under any rotation but
not under the translations. In order to make it stable under any translation, we add
v ® v and obtain the Grad 13-moment system

span (1,v,v ® v, v|v|2).

The space Fg) is a 7-dimensional space. Adding 1, v and |v|?, we obtain the
12-dimensional space

Span (1, v, |U|2’ V1UyV3, (U,’(l}i2 — 3U]2))17é])

This space is not stable under the translations. Consequently, we add v ® v and
get

span (1, v, v ® v, vViVV3, (v,-(vi2 — 31)?))#]-),

which is stable under any rotation and under any translations. This space has
dimension 17. We can also add v ® v ® v and obtain the system

span (1, v, v ® v, v @ v Q v),

which has dimension 20.

Casen =4
By (68), we have

—4) =) =@
R4[vr, v2, 3] = Fé)@Fi) GBF(()),

where Ff)‘” =span (Jv|*),

=4 2 2 2 02 2
r, =lvl span((vivj)i#j, Vi — V3,05 — Ug),

and

=@
[y = span ((vi vj(v,-2 - 3v1%))i;éj,i;ﬁk,j75k’

X (v? + 3va,§ — 3vi2(v12- + v,f))i#yi#kqj#k).
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The space Fg‘) is a 1-dimensional space. Adding 1, v and |v|?, we obtain the
6-dimensional space span (1, v, |[v]?, |v|*) which is stable under any rotation but
not under the translations. In order to make it stable under any translation, we add
v ® v and v|v|?. We then get

2 .4
span (1, v, v ® v, v|v|*, [v]"),

which is a 14-dimensional space. We can also add v ® v ® v instead of v|v|?> and
obtain

span(l, v, v @ v, v ® vV Q v, [v]Y),

which is a 21-dimensional space.
The space Ff) is a 5-dimensional space. Adding 1, v and |v|?, we obtain the

10-dimensional space
span (L, v, [0, [oP@iv)izs. 0P (o] = v3), ol (v3 — v3)).
This space is not stable under the translations. Consequently, we add v ® v and
v®v®v. We get
span (1, v, v @ v,V ® v ® v, [V*(V;v, )iz, [V* (V] — v3), [v[*(v] — v3)),

which is stable under any rotation and any translation. This space has dimension
25. We could also add either [v|>v ® v or v ® v ® v ® v to the previous space.
We would then get

span (1, v, V@ v, v Qv ® v, |[v|*v Q@ v),
and

span(1, v, VRV, VR VRV, V@V Qv Q V).

We add 1, v and |v|? to the space Fg‘) and obtain the space

span (1, v, |v|2, (vivj(viz — 31),%))1.#’1.#’#,(,

X (v;‘ + 3v]zv,% — 3vi2(vf + vi))i#j’i#k’#k).

But this space is not stable under the translations and we need to add v ® v and
v ® v ® v. We get the following 29-dimensional space

span (1, v, v ®@ v, v @ v ® v, (v;v; (v} — 3v}))

4030202 — 302 (02 2 saliaiied
(Ui + 3vjv; Vi (Uj + Uk))

i) i#k, j#k
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CONCLUSION

The classical moment spaces with maximal degree 2, 3 or 4 are

degree=2  span (1, v, [v|?), (admissible)
span (1, v, v ® v), (admissible)

degree=3  span (1,v,v ® v, v|v|?), (non admissible)
span (1, v, V@ v, v @ v ® v —3|v|*s ® v/5), (non admissible)
span (1, v, v @ v, v @ v @ v), (non admissible)

degree=4 span(l,v,v® v, v|v|?, [v[*), (admissible)
span (1, v, v @ v, v @ v v, |[v]*), (admissible)
span (1,1, V@ v, v @V ® v, [v|>(v ® v — |v|*[3/3)), (non admissible)
span (1, 1, V@ v, v @ v v, [v|*v ® v), (admissible)
span (1, v, V@V, V@ VAV, VRV VRV
—6lPPLE RV V/T+3v|*E ® I3/35), (non admissible)
span (1, v, V@ v, V@V RV, VvV ® vV ® V), (admissible)

which have respectively dimension 5, 10, 13, 17, 20, 14, 21, 25, 26, 29 and 35.
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